Upper bounds for independent domination in regular graphs  by Haviland, Julie
Discrete Mathematics 307 (2007) 2643–2646
www.elsevier.com/locate/disc
Note
Upper bounds for independent domination in regular graphs
Julie Haviland1
Exeter College, Hele Road, Exeter EX4 4JS, UK
Received 13 April 2006; received in revised form 21 November 2006; accepted 18 January 2007
Available online 3 February 2007
Abstract
Let G be a regular graph of order n and degree . The independent domination number i(G) is deﬁned to be the minimum
cardinality among all maximal independent sets of vertices of G. We establish upper bounds, as functions of n and , for the sum
and product of the independent domination numbers of a regular graph and its complement.
© 2007 Elsevier B.V. All rights reserved.
Keywords: Independent domination; Complement; Regular graphs; Nordhaus–Gaddum bounds
1. Introduction
Let G = (V ,E) be a graph of order |V | = n and minimum degree . An independent set is a set of pairwise non-
adjacent vertices of G. A subset I of V is a dominating set if every vertex of V − I has at least one neighbour in I. The
independent domination number i(G) is deﬁned to be the minimum cardinality among all maximal independent sets
of G.
Previous work on the parameter i(G) for general and regular graphsG has included ﬁnding upper bounds as functions
of n and/or , for example Favaron [4], Haviland [6,7], Lam et al. [8], Sun and Wang [9]. The sum and product of the
independent domination numbers of a graph and its complement were ﬁrst examined by Cockayne et al. [1–3]. These
authors established upper, lower and asymptotic bounds for the maximum value of the product i(G)i(G), as functions
of n. Clearly i(G) is the minimum cardinality of a maximal clique of G. The exact maximum value of i(G)i(G) was
determined ﬁnally by Goddard and Henning [5]. The same authors also gave a best possible upper bound for the sum
i(G) + i(G) when neither G nor G contains an isolated vertex.
In what follows, the open neighbourhood in G of a vertex v will be denoted by (v) = {u ∈ V : uv ∈ E}. We
abbreviate i(G) to i and i(G) to i.
Proposition 1 (Goddard and Henning [5]). Any graph of order n without isolated or dominating vertices satisﬁes
i + in + 4 − 2√n,
and this is best possible (subject to rounding down) for all n4.
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As described in [3], if G can contain an isolated or dominating vertex then the problem is simpler with i + in+ 1,
the upper bound being attained by Kn and other graphs.
Proposition 2 (Goddard and Henning [5]). Any graph of order n satisﬁes
ii
{
n if n7;
f (n) + 1 if n = m2 for m odd, or n = m2 − 1 for m even;
f (n) otherwise,
where f (n) = (n + 4)/4(n + 6)/4(n + 4)2/16.
For details of the extremal graphs for both Propositions the reader is referred to [5].
Motivated by these earlier investigations, the aim of this paper is to provide upper bounds for the sum and product
of the independent domination numbers of a regular graph and its complement, as functions of n and .
2. Results
We start with a brief summary of known upper bounds for the independent domination number of regular graphs,
some of which will be required in later proofs.
Proposition 3 (Favaron [4], Haviland [6,7]). Any regular graph of order n and degree  satisﬁes
i
⎧⎪⎨
⎪⎩
n/2 if 1n/4;
n − √n if n/4(3 − √5)n/2 = (0.3819 . . .)n;
 if (3 − √5)n/2n/2;
n −  if n/2n − 1.
Note that all regular graphs without an isolated vertex satisfy in/2. The upper bounds for n/2 follow from
results of the present author in [6,7], and the only known extremal graphs are mK,, where m is any positive integer
such that n = 2m. The upper bound for n/2 was given by Favaron in [4] and is best possible, attained only by
complete multipartite graphs with vertex classes all of the same order.
Write  for the degree of G. Without loss of generality, henceforth we may assume that (n−1)/2=n−1−
(since if not we just relabel G as G).
Theorem 4. Any regular graph of order n and degree  satisﬁes
i + i
{
n/2 + 2 if 1n/4;
n + 2− 2√n+ 2 if n/4(n − 1)/2.
Proof. Let I be a minimum maximal independent set of G. Choose x ∈ V − I such that k = |(x) ∩ I | is maximal,
and let K =(x)∩ I . Each vertex of I has  neighbours in V − I , whilst each vertex of V − I has at most k neighbours
in I, so
k i/(n − i). (1)
Form the set X = {v ∈ V − I : (v) ∩ I ⊆ K}, and let R be a maximal independent set of G[X] containing x. Now
every vertex of G appears in a clique of order at least i, but since G[I ∪R] is bipartite, any clique of G contains at most
2 vertices from this set. We conclude that x, as a vertex of I ∪ R, has at least i − 2 neighbours in V − (I ∪ R). Thus,
the regularity of G implies
k− i + 2. (2)
Eliminating k between (1) and (2) and rearranging gives i(n − 2i)/(n − i) + 2, so
i + i i + (n − 2i)/(n − i) + 2. (3)
As a function of i, the right-hand side of (3) has derivative 1 − n/(n − i)2, and a local maximum at i = n − √n.
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If 1n/4, by Proposition 3 we have in/2n−√n. Thus the right-hand side of (3) is maximised at i = n/2,
which yields
i + in/2 + 2. (4)
Otherwise n/4(n − 1)/2 and so n − √nn/2. If in − √n, which by Proposition 3 certainly holds for
n/4(3 − √5)n/2, then the right-hand side of (3) is maximised at i = n − √n, whence
i + in + 2− 2√n+ 2. (5)
It remains to dispose of the case when (3 − √5)n/2(n − 1)/2 and i > n − √n. However, Lemma 3 from [6]
shows that in − √n for any graph with k < i. Therefore, if i > n − √n then k = i, so substituting for k in (2) and
rearranging gives
i + i+ 2. (6)
A comparison of the upper bounds obtained in (4)–(6) proves the Theorem. 
Observe that Theorem 4 is best possible for values of n/4, as the graphs mK, cited above with m2 satisfy
i = n/2 and i = 2.
Theorem 5. Any regular graph of order n and degree  without an isolated vertex satisﬁes
iin[(3 − 2− −1) + 2(1 − )]<n[(3 − 2√2)+ 1],
where =√/2(+ 1).
Proof. Arguing similarly to the proof of Theorem 4, we deduce that i(n − 2i)/(n − i) + 2, and so
™i i(n − 2i)/(n − i) + 2i. (7)
As a function of i, the right-hand side of (7) has derivative 2( + 1) − n2/(n − i)2, and a local maximum at
i = n(1 −√/2(+ 1)) = n(1 − ). Therefore substituting for i on the right-hand side of (7) we obtain
ii 1
n
[n2(1 − )(2− 1) + 2n2(1 − )] = n[(3 − 2− −1) + 2(1 − )], (8)
as claimed. In order to simplify the last expression, straightforward calculations reveal that 3−2−−1 < 3−2√2=
0.1715 . . . . In addition, since 1(n − 1)/2 then 12< 1√2 , so 2(1 − )1. Applying both upper bounds to (8)
gives the ﬁnal result. 
Theorem 5 is best possible for = 1, as the ﬁrst upper bound gives iin, and mK, with m=n/2 (which is simply
(n/2)K2) satisﬁes i =n/2 and i =2. Furthermore, note that n[(3−2
√
2)+1]n2/16 for (n−16)/16(3−2√2),
so Theorem 5 is certainly stronger than Proposition 2 for 20.3642(n − 16), but is clearly redundant for most
larger values of (n − 1)/2. It remains an interesting open problem to determine the best possible upper bound on
ii for regular graphs. It may be signiﬁcant that we have yet to ﬁnd any such graphs with ii = O(n2).
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